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Characteristic-Based Pressure Correction at All Speeds

M. H. Kobayashi* and J. C. E Pereiraf

Institute Superior Tecnico, 1096 Lisbon Codex, Portugal

A new characteristic-based pressure-correction method designed for computation of flows at all speeds is pre-
sented. The method includes the implementation within the pressure-correction framework of interpolation of
the characteristic variables, the approximation of the nonlinear operator by a stable segregate linear operator,
the use of an approximate Riemann solver for the computation of the cell face inviscid flux, and the projection
of the correction fields into the flux space. Application test cases include 1) supersonic inviscid arc bump flow, 2)
transonic viscous double throat nozzle, and 3) incompressible lid driven cavity flow. The method is uniformly of
high order and nonoscillatory, which leads to crisp shock representation without the creation of spurious oscilla-
tions. The results show a substantial improvement over existing pressure-correction methods for computation of
compressible flows.
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Nomenclature
: coefficients matrix
: coefficients in the discrete equations
= nonhomogeneous term
= sound velocity; numerator of the discrete
counterpart of G; curvature term

: computational domain
= eigenvector of 90 W1

; average mass flux
= forcing term
: transpose of cofactor matrix of inverse
transformation matrix

: total flux of (j)\ total enthalpy
= enthalpy
: determinant of Xi

(X
- thermal conductivity; kinetic energy
= linear, nonlinear operator due to Navier-Stokes
discretization

= molecular weight of the gas; minmod function
= Mach number
= inviscid flux
: space dimension
= static pressure
= state vector
: heat flux; upwind indicator
= reconstruction polynomial
= universal gas constant
= pseudomass source term
: linearized source term
= static temperature
= velocity vector
: direct, Xf = 3/jca, and inverse, Xl

a: X^X" = <$},
transformation matrix

= oblique curvilinear coordinate system
= Cartesian coordinate system
= strength, slope of characteristic variable

variation; underrelaxation factor
= limited slope of characteristic variable
= variation
= Kronecker delta; centered difference operator
= volume

- velocity divergence
= coefficient of diffusivity of </>
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Subscripts

ap
e, w, n, s

m
r

speed of the characteristic variable
dynamic viscosity
diffusive flux of 0
mass density
stress tensor
limited slope of characteristic variable,
[xl,xl

e]x[x^x2
n]

general transported scalar
characteristic function
discrete convection diffusion of momentum
operator
oriented-area operator
arithmetic mean

= approximate
: cell faces
: Cartesian components
: left, right
= mass
= control volume
= transported scalar

Superscripts

e, w, n, 5, ww =

P,E,W,N,
S, WW, EE
T

cell face
= Cartesian component
= nth outer iteration

= cell center
: transpose of a matrix
= oblique contravariant component
: right and left limit values, respectively
: Roe-averaged values
= correction values
= predicted value

Introduction

T HE numerical solution of the viscous transonic and supersonic
flows is usually carried out by time-marching schemes that

solve the set of the coupled system of equations governing the flux of
mass, momentum, and energy, using accurate high-resolution total
variation diminishing1 (TVD) schemes employing Roe's Riemann
solver.2 On the other hand, simulation of incompressible fluid flows
with engineering interest are usually pursued with finite volume for-
mulation, using primitive variables in conjunction with some variant
of the semi-implicit pressure-correction method.3 In this method the
momentum equations are solved in a segregated fashion while an
equation for the pressure field or pressure-correction field is derived
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combining the discrete momentum and continuity equations so that
the pressure field is driven towards a level where the continuity
equation over each control volume is satisfied to any prescribed
level.3"5 Because this procedure in its standard form results in an
elliptic equation for pressure (or pressure correction) it cannot cope
with the hyperbolic nature of the signal propagation in compress-
ible transonic or supersonic flows. By contrast those methods that
are very efficient for computation of compressible hyperbolic flows
become increasingly ill conditioned as the Mach number decreases.
Although some remedy for convergence stagnation exists such as
artificial compressibility or preconditioning, in practice, these tech-
niques are not well suited for computation of flows with extensive
regions of low Mach numbers (lower than 0.3).

Several attempts have been made by incompressible fluid flow
numerical researchers, towards the unification of numerical meth-
ods developed for incompressible and compressible flows.6"11 The
main goal consists in the development of methods for computation
of viscous flows at all Mach numbers by extending the pressure-
correction formulation to ensure shock-capturing properties. Yet, as
just mentioned, to fully attain these goals, some puzzle in the for-
malism of these methods has to be settled, for example, accounting
for the spreading of acoustic waves and the Riemann problems in
the framework of the pressure correction. No previous work gives a
satisfactory answer to these questions apart from one-dimensional
flow.10> 11 Generally these problems translate themselves into insuffi-
cient shock-capturing capabilities and have so far prevented a wider
use of pressure-correction methods in the framework of all speed
calculations.

In the present work a first positive answer to these problems is pro-
vided by introducing a new methodology—called SIMPLENO for
simple essentially nonoscillatory. This methodology incorporates
into a pressure-correction framework the ENO12 technique for the
reconstruction of the characteristic variables, together with the use
of a Riemann solver for computation of the fluxes at the interfaces.

In the paper the general discretization procedure of the scalar
convection-diffusion equation is presented as well as a detailed de-
scription of the SIMPLENO method. The paper ends with the sim-
ulation of flows in different regimes for assessment of the general
features of the new algorithm, viz., shock resolution, shock/viscous
layer interaction, and vortices' interactions in incompressible flows.

Mathematical and Numerical Model
The steady continuum flow of a nonreacting thermally conductive

Newtonian fluid is considered. The mathematical models expressing
transport of mass, momentum, and energy are summarized in the
Navier-Stokes equations, which in a curvilinear oblique coordinate
system and for the Cartesian components of vectors and tensors are

1) Continuity:

3 a J p v i X f = Q

2) Motion:

3aJ(pvjv*
3) Energy:

daJ(pvah + q") = -3aJakivJ8jiXa
k

(1)

(2)

(3)

where all of the vector and tensor component indices fore and aft
run from one to the dimension of the space. In the present work we
use the summation convention whereby summation is implied when
an index is repeated for diagonal positions.

For a Newtonian fluid the stress tensor a can be written as

The heat flux vector q is defined by a Fourier law, i.e.,

qi = -kX^T^

(4)

(5)

Equations of continuity, motion, and energy can each be cast into the
following general transport equation that is useful for presentation
of the discretization procedure:

(6)

Fig. 1 Control volume configuration and nomenclature.

where TC is defined as

n* = -K(G<
k/j)3a<l>8ki (7)

To close the governing equations we need an equation of state. In
the present work we consider the perfect gas relation

with R defined by

= pRT

R = R/M

(8)

(9)

Discretization of General Transport Equation
The discrete form of Eq. (6) is obtained by using the finite vol-

ume method based on a collocated, oblique grid (Fig. 1). The main
steps for its derivation are briefly discussed next. The reader not
familiar with the method can find extensive material on the subject
in Refs. 13-16. For the sake of conciseness we consider a two-
dimensional geometry.

The finite volume method belongs to the class of weighted resid-
ual methods with the characteristic function / for each control vol-
ume (CV) taken as the weight function, i.e.,

I 3a[(pvi4> + 7r'')G?]Xt = I JpSfiXr (10)
JD J D

Use of the divergence theorem in Eq. (10) gives rise to the following
flux balance equation over each control volume:

Hle _
(11)

The total flux Hofcf) consists of the convective flux, denoted by Hc,
and the diffusive flux, denoted by HD. In what follows the details
of the derivation will be given for the e face only. The evaluation of
flux through other cell faces is performed similarly.

The diffusion term is approximated by central differences yield-
ing the following equation:

where D is given by

(13)

and cf is the numerator of the discrete counterpart (using central
differences) of cofactor G", i.e.,

The convective flux may be written as

J#= f pviGl
idx2^

JdTe

(14)
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where F] is the average mass flux passing through face e. In
symbols,

(15)

Computation of the convective flux of 0 is performed by a non-
oscillatory uniformly high-order reconstruction of the variable
within each CV followed by solution of a Riemann problem for
flux evaluation. So, given the average values of 0 at the center of
each CV, the problem at hand is to reconstruct closely at each point
the distribution of the variable inside each CV by a piecewise poly-
nomial (to high accuracy in any neighborhood where the function
is smooth) and then evaluate the flux at the interface by solving a
Riemann problem with right and left values given by their respective
limits at the interface.

Clearly any multidimensional high-order scheme can be incorpo-
rated into the procedure. For the sake of completeness we consider
the uniformly second-order-accurate nonoscillatory UNO2 scheme
of Harten.17 In this case, given the averaged values at control volume
centers the reconstruction polynomial R takes the form

l -xlp)(x2 -; e r (16)

Because R is bilinear within r, the average of R over cell face e
is identical to its point value at (xl_,x2

p)—Fig. 1. Consequently,
reconstruction reduces to calculating the coefficients r and s, and
since evaluation of the variable at interfaces does not involve any
cross term, we drop the indices and treat each direction separately;
for instance, rP is computed as

rP = M t , t p

where M stands for the minmod function

fmin(H, |fc|),

(17)

(a, b) e R2 : M(a, b) =

and tp are defined by

0,
if ab > 0
if ab < 0 (18)

tp = </>[x}» xl
E] - ce8exl

where the curvature terms are computed as

cw = M[(j)(xl
ww, xl

w, 4)» <K*w» xl
p, 4)]

ce = M[0(4,, x\» 4)> 4>(xp> *E> XEE)]

(19)

(20)

where <p[(xa^aeA] is the divided difference of 0 over support A, and

8exL=xE-xl
P (21)

Other terms and slopes are computed similarly. The interface value
of (/) is obtained by solving a Riemann problem with corresponding
interface limit values, i.e.,

(22)

where Rie is the solution at the interface of the Riemann problem
with left and right values given by <f>~ and 0+, respectively.

Substitution of Eq. (22) into Eq. (14) and the latter with Eq. (12)
into Eq. (11) gives rise to a nonlinear system of equations for the
nodal values of 0, In the case of the Navier-Stokes equations the
resulting system of equations is nonlinear and highly coupled. Inte-
gration and linearization of the Navier-Stokes equations are carried
out in next section where the SIMPLENO method is introduced.

SIMPLENO Method
The discretization procedure developed in the previous section ap-

plies to a scalar transport equation only. Its extension to the Navier-
Stokes equations is not a trivial task. It must accommodate into
the numerical scheme the complex physics of signal propagation
that takes place within the flow at different Mach number regimes.
To attain this goal we incorporate for the first time into a semi-
implicit pressure-correction method the interpolation of character-
istic variables and the solution of a Riemann problem for computa-
tion of the inviscid flux. The resulting general methodology is called
SIMPLENO.

The characteristic variables and Roe's approximate Riemann
solver2 are used for the computation of the inviscid flux, whereas
for the diffusive flux we use the second-order-accurate practice ex-
plained earlier. Denote by Q and N the state vector and its inviscid
flux, respectively, i.e.,

Q = (p,pv1
tpv2,pE)

Nl(w) = ( p U l , pUlvl + pG\, pUlv2 + pGl pUlH) (23)

N2(w) = (PU2, pU2vl + pG2, pU2v2 + pG2,, pU2H]

where U is defined as

Ucl = viG"i (24)

Then by using Roe's approximate Riemann solver the averaged
inviscid flux that crosses face e is evaluated as follows:

Nl(Ql,Qr)=l-(Nt+Nl}-1- (25)

where

= — pAw1 -f (Ap/c), a2 = —p Ait)1 — (Ap/c) + cAp

1 — (Ap/c) -1- cAp,
(26)

= pAw1 + (Ap/c)

(27)

and e the eigenvector of the Jacobian dQNl, i.e.,

d = (l/2c)(l, i;1 - cm, v2 - cn2, H - cul)T

e2 = (l/2c)(l,ii1 -c/i2, T

, vl + cn2, v2 -

where

(28)

e4 = (l/2c)(l, i;1 + cm, v2 + cn2, H + cul}

p2 = H =
IP*}

c2 = (y-!)(#-£), K = I[(5>)2 + (v2)2]
(29)

HI — c\ l\, w1 = vlrii, wl = v2n\ — vln2

For simplicity the same letter N is used for both the vector flux of
Q and its averaged value. The left and right states are obtained by
reconstruction of the characteristic variables, e.g., for the left state
it follows that

= *(*]_; Q) = QP + - (30)
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where

rk,P =

(31)

(32)

(PP — Pw)

\- PW)

1 \
~ Ww) -

— Pw)
+ Cw(pP - pw)

<Xl,e = -

(pp - Pw)

(PE ~ PP)
(33)

~ Wp) - + Ce(pE - pp)

, ~ /
+Ce(PE ~

(PE ~ PP)

(34)

(35)

Similar expressions follow for the right state and other cell faces.
At low Mach number (Ma), pressure and density are weakly

linked. As a result, use of these expressions in regions of the flow
where the local Mach number is low (Ma < 0.3) could lead to nu-
merical instabilities. To overcome these difficulties and at the same
time to extend its applicability down to the incompressible limit,
in the SIMPLENO method the characteristic interpolation practice
and the use of Roe's Riemann solver are only employed in regions
where the local Mach number exceeds 0.3. Below this mark the
pressure-weighted interpolation method (PWIM),18 together with
reconstruction of the primitive variables, is used for computation of
the inviscid flux at the interfaces,

}He) (36)

where the mass flux F is evaluated by the PWIM and the interface
values of u, p, and H are computed, for instance, for density:

Pe = (37)

where p^ are calculated as explained in the previous section and q
is defined as

2F}
0,

if ¥] ± 0

if F} = 0
(38)

and q~ = 1 — q+. Similarly for the other variables. In Eq. (36)
pressure is interpolated linearly to preserve the elliptic character of
the flow in this range of Mach numbers.

Substitution of the preceding equations into the discrete Navier-
Stokes equations gives rise to a highly coupled, nonlinear system of
equations that we denote by

where L is the nonlinear operator acting on the nodal values
after discretization. Linearization of this equation is a crucial step
in the algorithm because it must reconcile computer storage re-
quirements with CPU needs for convergence. Since these are an-
tagonistic requirements, a compromise is established with lower
levels of computer storage. This is achieved by using a segregate
semi-implicit pressure-correction method along with the approxi-
mate technique proposed by Orzag19 (for use with implicit spectral
methods), i.e.,

(40)

where Lap is a linear robust approximate operator to L [for brevity we
denote the linear operator Lap(2) by Lap2- In the present work we
define Lap as PWIM together with the first-order upwind scheme
for the convective flux, the second-order central differences for the
longitudinal diffusive flux, and lumping of the cross derivatives.
Having linearized the discrete equations, we proceed with the def-
inition of a solution procedure for the overall linearized system
of equations. This procedure can be arranged into the following
predictor-corrector scheme.

Predictor Level
First we rewrite the linearized momentum equations as follows:

where the operators W and Q are defined by

(41)

(42)

(43)

The underlined indexes indicate an exception to the summation con-
vention, NB is the index set corresponding to the points involved
in the cell face flux evaluation, and the a/ (i = m, p) coefficients
consist of all contributions that come from convective and diffusive
flux in Lap.

In the predictor step velocity fields are computed separately by
solving Eq. (41), i.e.,

+ + + (44)

The enthalpy field is updated similarly. This procedure (characteris-
tic of the semi-implicit pressure correction schemes and retained in
SIMPLENO) allows for the use of an efficient pentadiagonal solver
for the segregate solution of the primitive variables. [In the present
work we use the strongly implicit procedure (SIP) of Stone.20] This
enhance the robustness of the overall algorithm while requiring low
levels of computer storage.

The available density and velocity fields satisfy the linearized
momentum equations but usually do not satisfy mass balance over
the control volumes, i.e.,

Sm = Fe
l* - F,i* + F2 0 (45)

(46)

Corrector Level
In the corrector step correction fields are derived that yield density

and velocity fields satisfying continuity and some linearized form
of the momentum equations. First, we update the velocity field as
follows:

Subtraction of Eq. (44) from Eq. (47) yields the following relation
between the velocity and pressure corrections fields:

L(Q) = f (39) + (48)
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where the correction fields are defined as

vl
p = v'p** - v1;

p' = p* - pn

(49)

(50)

Now consider the density field. Here we simply assume that the
latter undergoes an isentropic process between old and new values.
This is equivalent to a functional dependence of the type p = p(p).
Linearizing this relation means expanding in a power series about
p = pn as

2;]p' + 0(p'*) (51)

and neglecting all terms involving second or higher order powers of
p'. In terms of correction fields this reads

p1 = (1/cV (52)

Using the updated fields of density and velocity we can compute
mass flux through cell faces as

(V2

? + p'e(vl*c\ (53)

where we omit second-order terms. As can be seen from Eq. (53) we
need correction fields at the CV interfaces and again interpolation of
these values is a crucial step since it must be robust and of high-order
accuracy. To achieve these goals we first notice that at convergence
all correction fields are zero, and so far as the method converges and
the corrections vanish we can use any level of approximation for
the interpolation of the correction field because at convergence the
high-level accuracy of the interpolation of the mass flux is recovered.
Taking these facts into account we evaluate the interface values of
velocity and density corrections as follows: 1) we consider at inter-
face, by analogy with the nodal relation, the following dependence
between velocity and pressure correction fields:

(54)

and 2) we use first-order upwind (with convective velocity) for the
density correction at interfaces. Similar expressions follow for other
cell faces.

In the first assumption we assume the existence of an irrotational
velocity correction field in direct (adjusted to match units) relation
to the pressure field. This procedure is justified in the incompress-
ible case where the projection of the velocity field into the null
divergence space is obtained by subtracting from it its orthogonal
complement (taken in the closure of the adjoint operator, which in
this case is the additive symmetric of the gradient operator); see
Refs. 21 and 22. For the steady compressible case it is the mass
flux that is projected in the null divergence space. In the present
method the gradient operator is replaced by the equivalent form in
the right-hand side (RHS) of Eq. (54).

Remark 1: It is a known fact that the use of relations (48) and
(54) strongly overpredicts the values of pressure corrections, which
in turn can lead to numerical instabilities in regions of low Mach
number. To remedy this problem we replace them by the relations
proposed by the authors,23 i.e.,

(55)

where aP e (0, 1].
We proceed by requiring that the corrected flux satisfy mass con-

servation over each control volume, i.e.,
_ J71

'•in _ F2** —*• v * (56)

Substitution of Eqs. (52) and (55) into Eq. (53) and the latter into
Eq. (56) gives rise to the following linear system of equations for
the pressure correction:

Apf = Sm

where A is linear and represents the contributions from correction
field relations between pressure correction and velocity correction
and between pressure correction and density correction as explained
earlier.

Remark 2: The coefficient matrix A with the preceding defi-
nitions is nondiagonal. This can be further simplified if we notice
that if the nonorthogonality is not too severe, the cross term in the
pressure velocity correction fields can be neglected in comparison
to the normal terms. With this fact in mind, Eq. (55) for the cell
faces is modified to

where

(58)

(59)

These simplifications lead to a pentadiagonal system of equations
that can be solved using the same algorithm (SIP) as for the other
variables. In addition they strengthen the diagonal dominance of
A and facilitate the implementation of boundary conditions of the
pressure-correction field. In some pathological situations where the
nonorthogonality of the grid is too severe over a large extension of
the computational domain convergence can be difficult.24 In such
situations a better grid can fix the problem. In any event the com-
plete nondiagonal matrix could easily be solved by, for instance, the
generalized minimal residual (GMRES) method.25 Here it should
be stressed again that this modification does influence the accuracy
of the converged solution.

The correction step can now be concluded by prescribing the
manner in which the field variables and their flux are updated. This
is done in accordance with the local Mach number as follows.

1) If the local Mach number is less than 0.3, in this case we update
nodal variables with the corrected fields, and with these values we
compute inviscid cell face flux as explained earlier.

2) If the local Mach number is greater than or equal to 0.3, vari-
ables are updated as in case 1. However, evaluation of the inviscid
flux with the available nodal variables would require an additional
(one is done before the corrector step) solution of the Riemann prob-
lem at interfaces. This procedure would in turn strongly penalize the
efficiency of the overall method (solution of the Riemann problem is
one of the most time-consuming parts of the method.) This problem
can be overcome by noticing that Roe's linearization gives rise to
an incremental equation for the inviscid flux, i.e.,

where

o?3 =

AM =

+ (A/?/c)r a2 =

1 — (A/7/c) + cAp,

A.! = (ul - c) • /,

(60)

pAw1 — (A/?/c) + cAp

a4 = pAw1 + (Ap/c)

2 = A3 = ul • /

(61)

(62)

e2 = - cn2, f cwl K)T

2-f c«2, VL — cni, cwl — K^

— }\T

(63)

(57)

e4 = (l/2c)(l, i;1 + c/ii, v2 + c«2, H + cul]T

where the overbar indicates linear interpolation.
Then the second solution of the Riemann problem for interface

flux computation can be avoided by 1) interpolation of the interface
correction fields (in the present work we use first order upwind) and
2) projection of this fields into flux space by using Eqs. (60-63) with
A replaced by its corresponding correction field, e.g., A/? = p'.
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In both cases the enthalpy field is corrected by using the following
isentropic relation:

h' = p'/p (64)
The SIMPLENO method can be summarized by the following steps.

1) Initialize field variables: density, velocity, pressure, and en-
thalpy.

2) With the available variable fields calculate the coefficients of
the approximate operator Lap and the RHS of Eq. (40).

3) Solve Eq. (44) separately for each velocity component by using
the SIP of Stone.

4) Solve the corresponding equation for enthalpy.
5) With the predicted fields compute the inviscid flux by solving

a Riemann problem.
6) Compute the pseudomass source term Sm in Eq. (45) and solve

Eq. (57) for pj'.
7) Update nodal variables and inviscid flux by using Eqs. (49-63).
8) Repeat steps 2-7 until convergence is achieved.
At this point some observations are pertinent concerning the uni-

formity of the method in the various flow regimes and the transition
in the interpolation practices from low Mach number (below 0.3)
to higher (above 0.3) Mach numbers. The uniformity of the method
comes from the fact that we use the same procedure in the iterative
process for the whole spectrum of Mach numbers. What changes
for the different flow regimes is how one evaluates the flux, which
is nevertheless uniquely defined for each cell face. Thus, in the
SIMPLENO method the interpolation practice is the same for all
variables. It employs the reconstruction practice of the ENO meth-
ods to build piecewise polynomials within each control volume,
which in turn provides the values of the variables at the interfaces.
With these values we compute the fluxes using a Riemann solver.
The main difference in the treatment of different flow regions is the
Riemann solver used in the computation of the inviscid flux: the
Roe's and a linear approximate solver, and also the variable used
in the interpolation, the characteristic or primitive variables, both at
Ma > 0.3 and <0.3, respectively. At this low value of the Mach
number the flow is smooth and the discontinuity a the limit values at
the interface will be of the order of the interpolation method. Thus
both methods produce very similar values for the fluxes (again no-
tice that only one of these Riemann solvers is used in the evaluation
of the flux). With the flux defined in each cell face we derive an
equation for the pressure correction from the continuity equation.
Consequently, the pressure-correction equation works as a transfer
function that receives a nonsolenoidal mass field (computed in the
predictor step) to which it responds with a correction field that as-
sures that the corrected fields meet mass conservation and satisfy
some linearized form of the Navier-Stokes equations.

The linear Riemann solver is selected for Ma < 0.3 to stabilize
the procedure, since at very low values of Mach number the continu-
ity becomes a weak equation for the density. This fact reflects itself
in the loss of effectiveness of Roe's Riemann solver, which is then
replaced by the linear one. The limit value of 0.3 also saves CPU
time since the PWIM approach used in this quasi-incompressible
region provides high accuracy at a much lower cost.

Results and Discussion
Arc Bump Flow

As a first test case we consider the inviscid supersonic flow over
a circular arc bump as proposed by Eidelman et al.26 The configura-
tion corresponds to a wall-mounted 4% thick circular arc bump. To
the upper and lower boundaries of the channel, the solid wall bound-
ary condition was applied. At the inlet (left boundary) the condition
of M<2_oo = 1.65 is used and at outlet all variables are linearly
extrapolated (details can be found in the reference cited). Figure 2
shows the geometry and the grid comprising 80 x 30 control vol-
umes used in the computations. Although the mathematical model
is simpler than the Navier-Stokes equations the presence of discon-
tinuities and their interactions (shock-shock interaction and shock
reflection) serve as a good test for the capabilities of the method to
resolve shock waves and their interactions.

Figure 3 depicts the results obtained using the SIMPLE method to-
gether with a third-order interpolation for v and h and the first-order
upwind scheme for p. Apart from the interpolation of primitive or

Fig. 2 Arc bump flow: geometry and 80 x 30 mesh.

Fig. 3 Arc bump flow: isomach lines using QUDS (v, h) and UDS (p).

Fig. 4 Arc bump flow: isomach lines using minmod (v, /*, p).

Fig. 5 Arc bump flow: isomach lines using SIMPLENO.

conservative variables, this is the standard approach used together
with pressure-correction methods.6"11 This figure clearly indicates
the inadequacy of the latter for simulating flows with shocks: the
shock profiles are too smeared. This situation can be significantly
improved by using a second-order nonoscillatory procedure for all
variables, including density, as done by the authors in a previous
work.27 Figure 4 reproduces from Ref. 27 the results obtained using
the latter technique. The resolution of shock waves has been clearly
improved. However, the use of a nonconservative discretization for
pressure and the use of convective velocity as upwind indicator still
diffuses shocks and creates spurious oscillations.

Figure 5 shows the results obtained with the new methodology
SIMPLENO. As can be seen from this figure all shock structures
are very well resolved. Their representation is crisp, nonoscillatory,
and in perfect agreement with the results of Eidelman et al.,26 who
used a density-based second-order Godunov method.

Figure 6 displays the quantitative comparison between the present
results and the results of Eidelman et al.26 These results only corrob-
orate the preceding qualitative assertions about SIMPLENO, while
letting no doubt exist about its capacity to resolve shock waves and
their interactions.

Double Throat Nozzle
This flow problem first appeared in a workshop on numerical

computation of compressible viscous flows.28 In the workshop very
accurate data were obtained that can be used as reference values.
Figure 7 shows the geometry and the grid comprising 80 x 20 con-
trol volumes used in the simulation. The relevant parameters are
the Reynolds number based on the stagnation properties and the
Prandtl number, which are equal to 4 x 102 and 0.72, respectively.
At the inlet, total pressure and total enthalpy are imposed, at the wall
no slip is used, at the centerline symmetry conditions are applied,
and at outlet all variables are linearly extrapolated. At this level of
Reynolds number an extended separated zone is created attached to
the upper wall caused by its curvature in the converging part of the
second throat. This separated bubble gives rise to a strong shear layer
that interacts with the normal shock wave formed underneath it. All
these features make this test case an effective means for assessing
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Fig. 6 Arc bump flow: pressure distribution.

Fig. 7 Double throat flow: geometry and 80 X 20 mesh.

b) Isobars

Fig. 8 Double throat flow.

the capacity of the method for simulating shock wave/viscous layer
interactions.

Figure 8 shows the isomach and isobars obtained with
SIMPLENO. Again the new methodology predicts a very sharp
shock profile with no spurious oscillations or instabilities in the
low Mach number regions. In particular it provides, in passing, an
answer to the question on the effect of the flux limiters on the viscous
layer, where strong yet continuous gradients arise. This is quanti-
fied in Figs. 9-11, where the present results are compared against
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Fig. 9 Double throat flow: pressure distribution at the centerline.
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Fig. 10 Double throat flow: friction coefficient distribution at the upper
wall.
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Fig. 11 Double throat flow: heat flux coefficient distribution at the
upper wall.

Fig. 12 Lid-driven cavity flow: 60 x 60 nonuniform grid.
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Fig. 13 Lid-driven cavity flow: streamlines. \I> = {—1.0 x 10~10, —1.0
X 10~7, -1.0 X 1(T5, -1.0 x l<r4, -0.01, -0.03, -0.05, -0.07,
-0.09, -0.1, -0.11, -0.115, -0.1175, 1.0 x 10~8, 1.0 x KT7,
1.0 X 1<T8, 1.0 X l<r6, 1.0 X 10~5, 5.0 X 10~5, 1.0 x ICT4, 2.5 X
10~4, 5.0 X 10~4,1.0 X 10~3,1.5 X HT3,0.0 X 10~3}.
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Fig. 14 Lid-driven cavity flow: velocity profiles

reference values28 obtained using a density-based method. It is ev-
ident from this figure that the flux limiters do not prevent the high
accuracy of the method in viscous flows neither in the shock region
with perfect agreement with the reference values nor in the shear
layers where both the extension and position of the separated zones
are in excellent agreement with reference values.

Lid-Driven Cavity Flow
To complete this section the test case of the flow induced by a

moving wall is considered. Because of the extent and intensity of
the vortices and the vortices9 interactions present in the domain, this
flow has became a standard test case for assessing Navier-Stokes

solvers and convection discretization schemes. The reference values
selected here are those of Ghia et al.,29 who used a very high number
of grid nodes and a second-order-accurate scheme, which are gener-
ally accepted as converged solutions. The boundary conditions for
this test case are no-slip conditions, where all of the walls are at rest
except the upper one, which has velocity equal to 1.

Figure 12 shows the 60 x 60 nonuniform grid used in the compu-
tations. Figure 13 depicts the streamlines obtained with SIMPLENO
for the incompressible lid-driven cavity flow, at Re = 1 x 103. The
results display very good agreement with the reference lines with
good resolution of the separated zones, both in its location and
extension.

The quantitative comparison is provided in Fig. 14, where the
present results are plotted together with the reference values of
Ghia et al. There we can see that the agreement with the refer-
ence values of Ghia et al. is very good. Again no adverse effect due
to the use of flux limiters is perceptible. The profiles are sharp and
free of spurious oscillations.

Conclusions
This study has described a formulation of an accurate all-speed

and multidimensional calculation procedure based on a pressure-
velocity formulation that can be applied with equal effectiveness to
compressible and incompressible flow.

The SIMPLENO algorithm introduces an array of new features:
the implementation of interpolation of the characteristic variables,
the approximation of the nonlinear operator by a robust segregate
linear operator, the use of an approximate Riemann solver for the
computation of the cell face flux in the pressure-correction frame-
work, and the projection of the correction on the fluxes' space. Sim-
ulation of flows under severe conditions (shock/shock interaction,
shock reflection, shock/viscous layer interaction, etc.) has demon-
strated that the method is as accurate as its counterparts, which use
density as a primary dependent variable in the hyperbolic regions
of the flows, while extending its range of applications to the limit
of very low (zero) Mach number flows.
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